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INTRODUCTION
Optimization of the accelerating superconducting cavity shape consists in a search of the shape in its final superconducting state. This raises the question of how the elliptic arc definition of cavities is modified during fabrication. Maintaining cavity shape is important not only for limitation of maximal electric and magnetic fields, but it is also crucial to achieving a minimized BBU parameter, since the higher order modes responsible for beam break up are even more sensitive to geometric distortions than the fundamental TM 010 mode. A robust design should account for all processing procedures including etching, thermal contraction and frequency tuner preload (axial preloading is needed to minimize frequency tuner motor backlash) since we expect these steps to modify the microwave properties of our resonator. A convenient way to depict the cavity shape and technological operations changing this shape is a matrix presentation of an elliptic multicell accelerating cavity described below.
Production of the first superconducting (SC) cavities for the Cornell University energy recovery linac (ERL) is complete. In the initial stage of fabrication, we encountered an issue regarding frequency control of individual cells when the half-cells (or cups) are welded together to form "a dumbbell." Because of a non-ideal shape of the cups and not fully controlled shrinkage of material by welding the cups are intentionally manufactured with some extra length on the equator which should be trimmed in the following processing. We used a wealth of experience in the fabrication of SC cavities described in DESY and JLab publications. Both labs used measuring fixtures with a perturbing body to identify a possible asymmetry of the dumbbell. There is no direct reference in the DESY publications how this asymmetry is used to define the individual cup frequencies, but in the JLab publication, the measured frequencies with and without perturbation were used for the definition of the π -mode frequencies of the cups. Some corrections to the formulae for calculation of these frequencies and description of the dumbbell measurements are given in the second part of this paper.
MATRIX DESCRIPTION OF THE CAVITY SHAPE
Superconducting RF cavity shape is commonly defined by a series of elliptical arcs connected with tangent segments, as shown in Figure 1 .
So, a full description of the final dimensions of a cavity excluding the lengths of end pipes can be explicitly presented as
"Final" refers to the cavity when it has had a surface preparation (etching and, possibly, tumbling), preloading and cryogenic cooling down. In the first line of the matrix are longitudinal coordinates of the centres of the elliptic arcs, in the second line -the radial coordinates of the centres, in the third and fourth -longitudinal and radial half-axes of the ellipses, respectively. If shrinkage only due to niobium thermal contraction from 293 K to 0 K is considered, 4 the starting dimensions of the cavity should be bigger by the factor of 1 + kT = 1 + 1.43 × 10 −3 :
Similarly, if only etching is taken into account, then
where the matrix Etch is defined by
where positive values in the third and fourth rows correspond to concave surfaces (equatorial ellipses) and negative values of ex and ey are for decreasing half-axes (irises). This formulation allows us to account for different values of etching for equatorial and iris regions if they are known from experiment (different ellipses = different columns) and even for lower and upper parts of the ellipses (for different axes = different rows).
If only compression (or stretching) of the cavity is considered, we can write
where P is the matrix of "pliability":
px1, py1, pa1, pb1, and so on are coefficients in the relations:
and so on. L is total compression of the cavity. x1, y1, a1, b1, . . . are changes in the corresponding coordinates and axes lengths. Asterisks designate the cumulative values: px2* = px1 + px2, px3* = px2* + px3, and so on. Since all the corrections are small, we take into account the first order only and unite them in the final formula
CONSERVATION OF THE ELLIPTIC SHAPE
In the previous derivation, we assumed that the elliptical definition of a cavity is maintained. This assumption is motivated by the relatively small changes of dimensions incurred during technological operation. Nevertheless, we present simulated data for deformation due to cavity tuning (i.e. axial loading). Simulations were done 6 for the Cornell ERL and for the JLab low loss cavity. 3 There are no stiffening rings in the LL cavities 7 and its deformation is quite different from the cavity with stiffeners.
Results of the simulation are presented in Figure 2 and in Table I . By fixing the left-most or the right-most point of the half-cell at place (left and the right images respectively) one can see that deformations of the equatorial and iris regions are small and the most part of deformation consists in tilting of the tangent line segment connecting the elliptic arcs. It is seen that the stiffening ring also noticeably deforms. The effect of shortening the cavity (as is shown on the picture, L < 0) on the other dimensions of the Cornell and JLab multicell cavities inner cell is presented in Table I (see lower left portion of Figure 1 for inner cell designations).
One can also note that tuning to the desired frequency occurs not because of change of the equatorial radius as is stated 
in Ref.
3 but mainly because of change of the wall slope angle resulting in a decreased distance between irises and, therefore, change in capacitance. The increase of the equator radius also decreases the frequency and this contribution is about 30% (calculated with SLANS) in the case of the Cornell ERL cavity with stiffening rings but is much smaller for a cavity without stiffening rings as can be seen from the picture and the table. The presence of the rings increases deformation of the equatorial radius but this deformation is practically zero in the absence of rings. Physically, it is reasonable because the force needed to stretch/squeeze the belt between two planes parallel to the equator plane and spaced, say, 1 cm from the equator, along its length is much bigger than the force needed to bend the cavity slanted wall even though a part of this wall is fixed with a stiffening ring.
After deformation the elliptic shape of the equatorial and the iris area is maintained, Figure 3 . Moreover, the straight segment is tangent to the arcs as before with a good accuracy. To quantify the deformation we define the normalized rootmean-square deviation (NRMSD) of the deformed shape from the changed ellipse,
For the equator elliptic arc, in the case of the Cornell ERL cavity, NRMSD is 1.2% while for the iris arc it is found to be 1.1%. Here, the root-mean-square deviation, RMSD, is de- fined as
where R max and R min are the limits of the arcs in the radial direction, R e, i and R a, i are radii at the points along the elliptic arcs and on the "actual" arcs calculated by ANSYS, respectively. The number of points, n, in this example is 11 for the upper arc and 10 for the lower elliptic arc as is shown in Figure 3 . Let us restate that these deviations of the arcs are also magnified 1000 times, and actually the elliptic shapes deviate by approximately 0.001% rms. Measurements done with the Zeiss coordinate measuring machine show that real deviation from the elliptic shape after fabrication may run as high as 100 -200 μm. 8 With the end plates fixed, the sensitivity of the cavity to differential pressure between the inner vacuum and outside wall (atmosphere or liquid helium) is about 1 Hz per millibar, or 1 kHz per atmosphere, 6 and is negligible compared to the axial loading.
In the case of the ERL inner cell, the sensitivity to axial loading is 300 kHz/52 μm. The value of 300 kHz can be sufficient for preloading. Cooling down will change the dimensions up to 150 μm (equatorial radius), and etching is about 150-200 μm (sometimes light etching is used after the usual etching procedure). All these values are of the same order of magnitude but the deformation from the mechanical tuning is the smallest compared to changes of dimensions due to etching and cooling. It is smaller than accuracy of fabrication (we expected 200-500 μm for the whole cavity) and in the case of the ERL we neglected this correction, i.e. we assumed the matrix P = 0. However, in some cases, when no stiffening rings are used or higher preloading is required, this deformation can be bigger and should be accounted.
Consideration and correction of different geometrical deviations are also insightful for understanding of the position and properties of higher order modes.
USAGE OF THE MATRIX APPROACH TO THE ERL MULTICELL CAVITY
Dimensions of the ERL 7-cell cavity cells were optimized taking into account different constraints. 9 The final dimensions (in mm) of this cavity can be presented in the matrix 
We have not repeated the inner half-cells dimensions 12 times with a constant shift in the first line and mirror reflections of the adjacent half-cells, so one only central half-cell is presented in the fifth and sixth columns. Conditionally, the origin z-coordinate here is taken equal to 0. The left and right end groups are described in the first and last four columns respectively. Both end groups have an additional iris like in Figure 1 (lower right) and consist of 3 elliptic and 1 circular arc, so need 4 columns for their description.
Etching of the cavity (BCP and EP) was performed in several steps. The cavity orientation was changed several times: each end was alternatively the upper and the lower end in this procedure. So, we tried to achieve as uniform etching as possible. Ultrasonic measurements 10 of the material removal were evaluated as 143 μm with the standard deviation of 37 μm (26%). These measurements were taken at each flat section on the cell, and just above and below the equator. The deviations in the iris area can be higher but the sensitivity of frequency to the change of dimensions in this area is lower and is less important. The matrix approach has a potential to introduce difference in etching depth for the iris and the equator area but we did not do this in our calculations.
With regard to thermal contraction (1. 
A small difference of the end irises outer elliptic arcs can be neglected because it is less than accuracy of production and the elliptic arc center radial coordinate can be taken as 57.04 mm for both irises. Besides, the initial radius of the beam pipe is 55 mm, and it should coincide with the sum of the end iris radius (now 35.90) and the position of its center (19.03). However, there is no necessity to strictly keep the circle radius of 36 mm or its center position as the final dimensions because this circle is chosen for multipactor preventing 11 and can be varied in a wide range. In this case, we need only to correct the zcoordinates of the extreme circles. After all these corrections, the matrix of dimensions for the production drawings becomes 
CORRECTION FOR MEASUREMENT CONDITIONS
Using SLANS, 12 the calculated resonant frequency of the central cell defined by matrix (1) is f calc = 1299.655 MHz. This is a frequency at room temperature (T 0 = 293 K) but without regard for dielectric permittivity of air. ε of air depends on the atmospheric pressure p, humidity ϕ, and temperature T(Ref. 13) 
(2) Here p and p sv are measured in mm Hg, T -Kelvin, ϕ -%. In this formula compared to the original one, the change is made from p air to p air = p − p sv · ϕ/100, where p sv is the water's vapour saturated pressure at the given temperature, so that the directly measured atmospheric pressure can be used. Instead of an inconvenient table, p sv can be approximated 14 by
which very well coincides ( Figure 4 ) with table data used in Ref. 3 . The frequency measured in atmosphere will differ from calculated by SLANS
where α = 7.3 × 10 −6 K −1 is the thermal expansion coefficient of niobium at room temperature, T 0 = 293 K. ε in Eq. (2) can be simplified for small deviations from normal conditions (p = 760 mm Hg, humidity = 50%, T = T 0 ):
Taking into account both thermal expansion and variation of ε, we have If we take into account the mechanical preloading, for example, preliminary stretching for 300 kHz, then the target frequency becomes f target = 1298.934 MHz. The mechanical preloading was neglected in our design, therefore we do not expect the dimensions listed in (1) to result in a final frequency of 1300 MHz after etching, cooling down and preloading.
As previously mentioned, the half-cells are fabricated with some extra length in the equatorial region, such that this length can be fitted to tune the cell to the desired frequency.
To find the target frequency of our measurements at normal conditions we can calculate the frequency value for each state of the cavity (in MHz): 
with the substitution
Here "0" and "π " denote the 0-mode or π -mode respectively and half-cells are distinguished by their location in the fixture with indices "U" for up and "D" for down. Dumbbell mode frequencies with the perturbation object are additionally marked with an index "P." One can see that both Eqs. (4) and (5) are asymmetric relative to a swap of indices "U" and "D". Analysis of the derivation of the formula in Ref. 15 shows that there should be R 2 in the denominators
Now formulae in Eq. (6) are symmetric if R in Eq. (5) changes its sign when the dumbbell is turned upside-down. However, this can happen only if both right components in Eq. (5) are close to a unity
This, in its turn, can happen when the shift caused by the extra length of the cell is less than the shift due to perturbation.
One could transform the formula for R so that it would be symmetrical, e. g., by taking a mean arithmetic of R and −R , or using an expansion by the small parameter mentioned above. But the original formula (5) is rather compact and the transformed formula would be presumably more cumbersome and hardly more accurate. Let us first check formulae (5) and (6) with a dumbbell having a given extra length of each cup. This check can be done with SLANS. 12 We will believe that SLANS gives exact values of frequencies for the original dumbbell and the dumbbells with perturbations. We can also find the sensitivity of the π -mode of an individual cup to the added extra length, referred to as the trimming parameter, t. In our case it appeared that t = 5.1 MHz/mm. Knowing the frequency of an "ideal" cup or the target frequency, f target , we can find the extra lengths
to be trimmed. This allows us to compare SLANS results with the results of formulae (6) . We can also analyze how errors of the measurements of the dumbbell frequencies influence on the accuracy of the found extra length. For this purpose, we can generate random values of frequencies around the values calculated by SLANS and again use the formulae (5) and (6) but now for 6 arrays of "measured" frequencies. Our measurements show that the standard deviation of each of 6 measured frequencies (see Eq. (5)) is about σ = 10 kHz. Let the dumbbell has an extra lengths from one side only: 1 = 1mm, 2 = 0. The perturbation in this calculation was taken of such a size that it makes frequency shift of the π -mode when inserted from the "ideal" side ( 2 = 0) from 60 kHz up to 2.1 MHz, Figure 5 .
One can see that very small perturbations lead to uncertainty of extra length due to the errors of measurements. On the other hand, big perturbations give inaccurate values for the extra lengths calculated with formula (8) .
We can treat the cup with the extra length 1 = 1 mm as an "Upper" cup or as a "Lower" cup. The choice of the upper or lower cup is conditional. R changes its sign when the dumbbell is turned over but also slightly changes its absolute value. The values of extra lengths calculated for these two possibilities are shown in Figure 6 .
We will have practically the same graph if 1 = 2 mm, 2 = 1 (just values on the ordinate axis will increase by 1). So, Figure 6 shows that the error is always smaller if the cup with bigger deviation of the π -mode is taken as the lower cup, -accuracy in this case is about two times better.
If the cups have close dimensions, this difference between frequencies defined with swapped upper and lower cups becomes small (no difference if R = 0).
Why the old formula worked
For small values of R, the formulae (4) can be expanded, correct to first order, as
extra length (mm)
FIG. 6. Extra length calculated with Formula.
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V. Shemelin and P. Carriere Rev. Sci. Instrum. 83, 043304 (2012) Analogously, the formulae (6) can be simplified as
If the dumbbell is measured twice (or even number of times) and Eq. (9) is used, the values in round brackets average, giving the same values as the formulae (10) . Note, that R changes its sign when the dumbbell is turned upside down, as it is shown in Eq. (7). However, usage of the formulae (9) instead of (10) without such an averaging will give a ±25% error for the correction term standing after the unity. This correction term can be neglected when both cups of the dumbbell have close frequencies (f π, U ≈ f π, D ≈ f π ) even if f π differs from f target and U and D are big, see Eq. (8) . Again, in this case the old formulae will work.
However, when the frequency f π of the dumbbell is close to the frequency f target , for example when one cup is shorter and another one is longer than needed, usage of the old formulae will give up to 25% error.
A DUMBBELL MEASURING FIXTURE
To measure the resonant frequencies of a fabricated niobium dumbbell, a fixture with supporting hardware and software was constructed, Fig. 7 . The system was inspired by the JLab system, with the most notable difference being the operating frequency (1300 MHz instead of 1500 MHz). 3 The fixture was designed to accommodate completed end group measurements also. In the case of end groups, no perturbation was used since the cavity was comprised of a single half-cell. Two feedthroughs with antennas were placed in the upper and lower plates, and the RF measurement was done in transmission. For the end group, one antenna was replaced by a flexible conductor such that it was easily inserted into the cavity. In each case, the antenna length was trimmed such that the cavity was heavily undercoupled with a Q ext ≈ 10 6 , giving
The measurement system consists of a HP85047A network analyzer (NA), a RF dumbbell fixture with copper contact fingers, and a Transducer Techniques load cell with analog readout. The NA and load cell were connected to a LABVIEW program which logs the frequency (f 0 ), quality factor (Q 0 ), and applied force. Q 0 and f 0 were determined by fitting the amplitude of S 21 to the Lorentzian function while accounting for a constant direct transmission between antennas. LABVIEW was chosen to increase the measurement accuracy while simplifying the measurement and processing procedure.
The six measured frequencies comprised the 0 and π -mode, with and without perturbation in the upper and lower half-cells. These values were written to a file and then processed using MATLAB. The script calculates the individual π -mode frequencies according to the modified formulae (6) . The program recognizes which half-cell has the biggest π -mode deviation and assigns this cup as "lower", in spite of its physical location. The program also incorporates a correction for ambient conditions: humidity, temperature, and atmospheric pressure as is described above.
The value of the frequency perturbation should be bigger than the error in measurement (10 kHz) but less than the difference between the 0 and π -mode frequencies (about 26 MHz). We have chosen our perturbation such that f ≈ 0.5 MHz. The perturbing body is a cylinder 3.175 mm in diameter with a spherical top, and the total length of 6.5 mm. In order to guarantee reliability, the perturbation was fastened with a torque wrench to 10 inch · lb.
It should be noted here that there is a slight difference (0.15 mm) in the height of perturbation when it is inserted into the upper or lower disc. This difference causes a systematic error of 30 kHz. Besides, the upper disc has a sag about 0.025 mm, also causing an error, about 40 kHz. These errors add somewhat to the rms deviation but average out because the dumbbell is flipped during multiple measurements. Nevertheless, they should be eliminated for further measurements.
To obtain a reliable RF contact at the Nb/Cu joint, the fixture must compress the dumbbell between copper plates. The mechanical press comprised of linear bearings mounted on aluminum plates, sliding on case-hardened shafts. The press was manually driven by a 1-inch ACME screw. ANSYS simulations show that the force applied to the dumbbell should be kept below 350 lbs, in order to prevent inelastic deformation. Therefore, our operating pressure was 300 lbs. Elastic deformation will affect the resonant frequency of the cavity, but a linear extrapolation to zero pressure of the f 0 versus F curve
